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Abstract
Finite direct sums of finite rank purely indecomposable modules (called pi-decomposable
modules) are characterized by the ranks of quotients of radicals. Torsion-free homomorphic images
of pi-decomposable modules form an interesting class admitting a nice homological characterisation.
Torsion-free modules quasi-isomorphic to a pi-decomposable module have properties reminiscent of
almost completely decomposable abelian groups, including characterizations of representation type
via correspondences with representations of finite partially ordered sets. This leads to the construction
of indecomposable modules.
 2004 Elsevier Inc. All rights reserved.
1. Introduction
Let T F denote the category of torsion-free modules of finite rank over a discrete
valuation ring R with prime p. A purely indecomposable module is a pure finite rank
submodule of the p-adic completion R∗ of R and these modules were studied in [1].
We begin with the concept of a pi-type which is an isomorphism class [X] of a purely
indecomposable moduleX. The set PI of pi-types is a partially ordered set, but not a lattice,
under the ordering [X] [Y ] if X is isomorphic to a submodule of Y .
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Our Theorem 1 shows that the class of pi-decomposable modules is closed under direct
summands and that a pi-decomposable module M is determined up to isomorphism by
numerical invariants {rankM∗[τ ]/M[τ ]: τ ∈ PI}, where M[τ ] =⋂{kerf : f :M → X}
is the τ -radical of M for τ = [X] and M∗[τ ] =⋂{M[σ ]: σ < τ }. A dual characterization
of pi-decomposable modules by the ranks of quotients of τ -socles does not hold in general
(Example 1).
Next, we introduce the category H of torsion-free homomorphic images of pi-
decomposable modules. Members of H admit a nice homological characterization and the
following statements are shown to be equivalent: (a) M ∈H; (b) M is the homomorphic
image of a finite direct sum of purely indecomposable modules of rank  2; (c)
Bext∗R(M,T ) = 0 for all torsion R-modules T , where Bext∗R(M,T ) is the group of pi-
balanced extensions of T by M (Theorem 2). If M ∈ H has no free summands, then
rankM = 2(p-rankM) and if, in addition, M is reduced with rankM = 2(p-rankM),
then M is quasi-isomorphic to a direct sum of purely indecomposable modules of rank 2
(Corollary 1).
An almost pi-decomposable module is a submodule of bounded index in a pi-
decomposable module. Each almost pi-decomposable module is in H. Define AH
to be the full subcategory of H with almost pi-decomposable modules as objects.
Given M ∈ AH, there is a pi-decomposable module DM ⊇ M such that DM/M is
bounded and each endomorphism of M extends to a unique endomorphism of DM
(Theorem 3). Moreover, DM is completely determined by any pi-decomposable module
C ⊇M with C/M bounded and e(C/M) minimal. This is the module analog of the co-
regulator of an almost completely decomposable abelian group [17]. The module DM
is used to define correspondences between indecomposable objects in categories of R-
representations of finite partially ordered sets S and indecomposable modules in naturally
defined subcategories AH(S, j) of AH with AH =⋃S,j AH(S, j) (Theorem 4). These
embeddings generalize more complicated embeddings given in [7] and are used to
construct examples of indecomposable modules in AH of arbitrarily large finite rank
(Example 4) and to determine the representation type ofAH(S, j) in case S is an antichain
(Corollary 3).
Just as for almost completely decomposable abelian groups and regulator subgroups
[16], direct sum decompositions and classifications of special classes of modules M in
AH can be found by exploiting the pi-decomposable modules DM and pjDM and their
characterizations in terms of ranks of quotients of radicals. Also, many of the results in this
paper can be dualized by considering the co-purely indecomposable modules [1]. These
applications will be considered in a future paper.
It is worth noting that the rank-2 purely indecomposable modules are the building blocks
of the category T F in the sense that T F is the smallest category containing the rank-2
purely indecomposable modules that is closed under finite direct sums, pure submodules,
and torsion-free homomorphic images. This parallels a characterization of finite rank
Butler groups as the smallest category containing all torsion-free abelian groups of rank 1
that is closed under finite direct sums, pure subgroups, and torsion-free homomorphic
images [9]. However, in contrast to Butler groups wherein the category of torsion-free
homomorphic images of completely decomposable groups coincides with the category of
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category of pure sub-modules of pi-decomposable modules as the latter was shown in [1]
to be T F . Many of the results in this paper extend to more general valuation domains.
2. Preliminaries
Basic definitions and properties of torsion-free modules of finite rank over a discrete
valuation ring are given, for example, in [1,12–14] and summarized in this section for the
convenience of the reader.
Let R denote a discrete valuation ring (local principal ideal domain) with unique prime
p and quotient field Q, R∗ the completion of R in the p-adic topology, and Q∗ the
quotient field of R∗. Then R∗ is a complete discrete valuation ring with prime p, R is
a pure R-submodule of R∗ (R∗/R is torsion-free), R is a dense submodule of R∗ (R∗/R
is divisible), and R∗/pR∗ is isomorphic to the field R/pR.
If M ∈ T F , then M =M ′ ⊕ d(M), where d(M) is the maximum divisible submodule
of M and M ′ is reduced, that is, d(M ′) = 0. If M ∈ T F is reduced, then M contains
a basic submodule B , a free pure dense submodule, and M is a pure dense submodule
of M∗, the p-adic completion of M . Moreover, B∗ = M∗ is a free R∗-module with
R∗-rank = R-rankB = p-rankM  rankM , where p-rankM is the R/pR-dimension of
M/pM . A homomorphism f : M → N of reduced modules in T F lifts to a unique
R∗-homomorphism f ∗ :M∗ → N∗. Hence, HomR(M,N) = {f :M∗ → N∗: f (QM) ⊆
QN} ⊆HomR∗(M∗,N∗), where QM =Q⊗R M .
It is a result of Lee Lady (see [2]) that the category T F has the cancellation property
(if M ⊕K ∼=N ⊕K , then M ∼=N ) and the nth-root property (if Mn ∼=Nn, then M ∼=N ).
For the case when R is the integers localized at an integer prime, T F fails to have
the Krull–Schmidt property (direct sums of indecomposable modules are unique up to
isomorphism and order), e.g., see [2]. Some uniqueness conditions for finite direct sums of
indecomposables in this case are given in [5,6].
The quasi-isomorphism category of T F , denoted by T FQ, has objects those of T F
but with morphism sets QHom(M,N) = Q ⊗R Hom(M,N) for M,N ∈ T F . The
category T FQ is an additive category with the Krull–Schmidt property. Summands in
T FQ are called quasi-summands, isomorphism in T FQ is called quasi-isomorphism,
and indecomposable objects in T FQ are called strongly indecomposable modules. Two
modules M and N in T F are quasi-isomorphic if and only if M is isomorphic to a
submodule K of N with N/K bounded by a power of p. In this case, N/K is finitely
generated and so N =K + F for some finitely generated free submodule F of N .
The following lemma is a consequence of the above-mentioned properties of modules
in T F .
Lemma 1 [1]. Let M,N,K ∈ T F . Then
(a) p-rankM  rankM , p-rankM = 0 if and only if M is a divisible R-module, and
p-rankM = rankM if and only if M is a free R-module;
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rankK and p-rankN = p-rankM + p-rankK;
(c) if N is a submodule of M and K is the pure submodule of M generated by N , then
p-rankK  p-rankN ; and
(d) the modules M and N are quasi-isomorphic if and only if p-rankM = p-rankN ,
rankM = rankN , and M is isomorphic to a submodule of N .
3. Pi-decomposable modules
The next lemma follows readily from Lemma 1 and the definitions.
Lemma 2. Let M and N be two purely indecomposable R-modules.
(a) The following statements are equivalent:
(i) M is isomorphic to N ;
(ii) rankM = rankN and Hom(M,N) = 0;
(iii) Hom(M,N) = 0 and Hom(N,M) = 0;
(iv) M and N are quasi-isomorphic.
(b) EndM is a pure subring of R∗, hence a discrete valuation ring, and QEndM is a sub-
field of Q∗.
(c) Each pure submodule of M is purely indecomposable and if K ∈ T F is a homomor-
phic image of M with rankK < rankM , then K is divisible.
(d) If M is a submodule of a reduced module K ∈ T F , then M is isomorphic to the pure
submodule of K generated by M .
(e) A module K ∈ T F is purely indecomposable if and only if K is indecomposable with
p-rank 1.
There are explicit realizations of purely indecomposable modules. A purely indecom-
posable R-module M with rank n + 1, n  1, is isomorphic to A(a1, . . . , an), the pure
submodule of R∗ generated by some Q-independent subset {1, a1, . . . , an} and QEndM
is isomorphic to {r ∈Q⊕Qa1 ⊕ · · · ⊕Qan: rai ∈Qa1 ⊕ · · · ⊕Qan, i  n}.
Recall that PI is the set of all pi-types. Elements of PI are usually written τ = [X],
with X a pure finite rank submodule of R∗. Given τ = [X], σ = [Y ] ∈ PI, define τ  σ if
Hom(X,Y ) = 0.
Proposition 1.
(a) (PI,) is a poset with a unique least element [R].
(b) τ = [X] σ = [Y ] if and only if X is isomorphic to a pure submodule of Y .
(c) [X ∩ Y ]  [X] and [X]  [X ∪ Y ], where X ∪ Y denotes the pure submodule of R∗
generated by X and Y .
(d) (PI,) has the descending chain condition but not the ascending chain condition.
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finite rank. ✷
Obvious candidates for lattice operations on PI, [X] ∩ [Y ] = [X ∩ Y ] and [X] ∪ [Y ] =
[X ∪ Y ], need not be well-defined. For instance, let a be a unit of R∗ that is not
algebraic of degree  2 over Q. Then [A(a)] = [A(a−1)], since a−1 :A(a)→ A(a−1) is
an isomorphism, but the rank-2 module A(a) is not isomorphic to either A(a)∪A(a−1)=
A(a,a−1) or A(a)∩A(a−1)=R.
Recall from the introduction that M[τ ] denotes the τ -radical of M . Clearly, if X is
a purely indecomposable module and τ is a pi-type, then X[τ ] =X if [X] τ , X[τ ] = 0
if [X] τ , X∗[τ ] =X if [X]≮ τ , and X∗[τ ] = 0 if [X]< τ . In particular, if τ = [X], then
X∗[τ ] =X and X[τ ] = 0.
Lemma 3. Let M,N ∈ T F and τ = [X], σ ∈ PI.
(a) If σ  τ , then M[τ ] ⊆M[σ ]. Moreover, (M/M[τ ])[τ ] = 0.
(b) If g ∈Hom(M,N), then g(M[τ ])⊆N[τ ] and g(M∗[τ ])⊆N∗[τ ].
(c) If N is a pure submodule of M[τ ], then (M/N)[τ ] =M[τ ]/N .
(d) (M ⊕N)[τ ] =M[τ ] ⊕N[τ ] and (M ⊕N)∗[τ ] =M∗[τ ] ⊕N∗[τ ].
(e) M/M[τ ] = 0 if and only if Hom(M,X) = 0.
(f) M[τ ] = 0 if and only if M is isomorphic to a submodule of Xn, the direct sum of n
copies of X.
(g) If M∗[τ ]/M[τ ] = 0, then there is an epimorphism M→X.
Proof. The proofs of (a)–(g) are routine and similar to the radical arguments used in the
case of finite rank torsion-free abelian groups (see [4]). ✷
Theorem 1.
(a) If M =X1 ⊕ · · ·⊕Xn is a pi-decomposable module with each Xi purely indecompos-
able, and τ ∈ PI, then M[τ ] =⊕{Xi : [Xi] τ } and M∗[τ ] =⊕{Xi : [Xi ]≮ τ }.
(b) Two pi-decomposable modules M and N are isomorphic if and only if rankM∗[τ ]/
M[τ ] = rankN∗[τ ]/N[τ ] for each τ ∈ PI.
(c) A summand of a pi-decomposable module is pi-decomposable.
Proof. Condition (a) follows from Lemma 3(d) and the computations of X[τ ] and X∗[τ ]
for a purely indecomposable module X. Condition (b) is a consequence of (a), since
M∗[τ ]/M[τ ] ∼=⊕{Xi : [Xi] = τ }. Condition (c) is an application of the Azumaya theorem
(see [12]). This is because the endomorphism ring of a purely indecomposable module
is a local ring (Lemma 2(b)) and quasi-isomorphic purely indecomposable modules are
isomorphic (Lemma 2(a)). ✷
The τ -socle of M ∈ T F for τ = [X] ∈ PI is defined to be M(τ) = Hom(X,M)X,
the image of the evaluation homomorphism Hom(X,M)⊗R X→M . As a consequence
of Lemma 2(d), if M is reduced, then Hom(X,M) = 0 (equivalently M(τ) = 0) if and
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of M generated by {M(σ): τ < σ ∈ PI}. By comparison with completely decomposable
abelian groups [16], one might expect that pi-decomposable modules would also be
characterized by the ranks of the M(τ)/M#(τ )’s. However, it need not even be the case
that M#(τ )⊆M(τ).
Example 1. There is a purely indecomposable module M and pi-types τ < σ with
M(σ)M(τ). Hence, M#(τ )M(τ).
Proof. Choose R so that R∗ contains a subset {1, a, b} algebraically independent over R.
Then X =A(a)⊂M =A(a,b) are purely indecomposable modules, τ = [X]< σ = [M],
and M(σ) = M . Since {1, a, b} is algebraically independent and since each homomor-
phism X→M is multiplication by an element of R∗, it follows that X =M(τ). Hence,
M =M(σ)⊆M#(τ )M(τ)=X. ✷
Proposition 2. Let τ = [X] ∈ PI and M ∈ T F .
(a) If M ⊆Xn and M(τ)=M , then M ∼=Xm for some m.
(b) If M is a pure submodule of Xn and M(τ)=M , then M is a summand of Xn.
(c) M ∼=Xm for some m if and only M(τ)=M and M[τ ] = 0.
(d) If N ⊆M with M/N ∼=Xn and M(τ)+N =M , then N is a summand of M .
(e) If M is quasi-isomorphic to Xn, then M is isomorphic to Xn.
Proof. (a), (b) The module Hom(X,M), viewed as a right EndX module, is a submodule
of the free EndX module Hom(X,Xn). Now use the fact that EndX is a principal ideal
domain (Lemma 2(b)) and the assumption that Hom(X,M)X =M to complete the proof in
each case. The argument is similar to that for torsion-free abelian groups of finite rank [2].
(c) If M[τ ] = 0, then M ⊆Xn for some n by Lemma 3(f). Furthermore, if M(τ)=M ,
then M ∼=Xm for some m via (a). The converse is obvious.
(d) The argument is essentially the same as that for finite rank, torsion-free abelian
groups, e.g., see [4].
(e) Write M =X1⊕· · ·⊕Xn+F , where each Xi is a pure submodule of M isomorphic
to X and F is a finitely generated free R-module. Each element of F is of the form y =
(1/pj )(x1, . . . , xn) with xi ∈ Xi . In view of (a), it is sufficient to prove that M(τ)=M .
Choose a basic submodule Rb of X, a basic submodule Rbi of Xi , and an isomorphism
fi :X→ Xi with fi(b) = bi . Given an element y = (1/pj )(x1, . . . , xn) of F , then xi =
ribi (modpjR) for some ri ∈ R since Rbi is a basic submodule of Xi . Hence M =X1 ⊕
· · ·⊕Xn+F ′, where each element of F ′ is of the form y = (1/pj )(r1b1, . . . , rnbn). Define
a homomorphism f :X→M by f (x)= (r1f1(x), . . . , rnfn(x)). Then X is isomorphic to
the pure submodule Y of M generated by f (X) by Lemma 2(d) and (1/pj )f (b)= y ∈ Y .
Thus y ∈M(τ) and we conclude that X1 ⊕ · · · ⊕Xn + F ′ ⊆M(τ). ✷
Proposition 2(b) is false without the hypothesis that M(τ) =M . For example, if a is
a unit of R∗ that is not algebraic of degree  2 over Q, then there is an exact sequence
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Hence, R is a pure submodule of C that is not a summand of C.
We remark, in passing, that for a pi-decomposable module M , pi-typeset M = {[X]: X
a pure, purely indecomposable submodule of M} can be infinite.
Example 2. Let Z∗p be the ring of p-adic integers and select two elements a, b ∈ Z∗p
that are algebraically independent over the rationals. Define M = A(a,b), the rank-3 pure
submodule of Z∗p generated by 1, a, b. For each positive integer k, let Nk = A(1, a + kb),
the rank-2 pure submodule of M generated by 1 and a + kb. Clearly, each Nk is a
pure, purely indecomposable submodule of M and any homomorphism from Nk to Nl
is multiplication by a p-adic integer. Since a and b are algebraically independent, a routine
calculation shows that Nk ∼=Nl if and only if k = l.
4. The categoryH
In this section we consider the category H of modules in T F that are torsion-free
homomorphic images of pi-decomposable modules. Let PI2 be the class of rank-2
purely indecomposable modules. They are precisely the indecomposable modules in T F
of p-rank 1 and rank 2. The set of isomorphism classes of modules in PI2 form an
antichain under the ordering on PI. If X ∈ T F has p-rank 1 and rank 2, then either X
is indecomposable, hence in PI2, or else X∼=R⊕Q (Lemma l(a)). We introduce the idea
of a pi-balanced exact sequence and our main theorem shows that a finite rank torsion-free
R-module M belongs to H if and only if, for any torsion R-module T , every pi-balanced
extension of T by M splits.
An exact sequence 0 → A i→ B η→ C → 0 of R-modules, with C torsion-free, is
said to be pi-balanced if for any purely indecomposable R-module X, the induced map
η∗ : HomR(X,B)→ HomR(X,C) is onto. It is straightforward to verify that, in the pull-
back of the following diagram:
D
0 A B C 0,
the top row is pi-balanced if the bottom row is pi-balanced exact. Similarly, one can prove
that the pushout of a pi-balanced monomorphism is again pi-balanced.
The pi-balanced exact sequences 0 → A→ B → C → 0 with C torsion-free form
a proper class in the sense of [15] and so the inequivalent pi-balanced extensions of A
by C form a subgroup Bext∗R(C,A) of the group Ext1R(C,A). From any pi-balanced exact
sequence
ξ : 0→A→ B→ C→ 0,
with C torsion-free, one can obtain the derived long exact sequence
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→ Bext∗R(G,C)→ Bext∗2R (G,A)→ ·· ·
by applying HomR(G,−) to the sequence ξ and, likewise, the analogous long exact se-
quence by applying HomR(−,G). IfG is pi-decomposable, then trivially Bext∗R(G,M)= 0
for any R-module M .
The next theorem gives a homological characterization of the members ofH and part of
its proof ((c)⇒ (a)) is a modification of the ideas of constructing balanced extensions using
generalized regular subgroups that originated in [3,8], used in [10], and refined in [11].
Theorem 2. Let M ∈ T F . The following statements are equivalent:
(a) M ∈H;
(b) M is the homomorphic image of a finitely generated free module and a finite direct
sum of modules in PI2;
(c) Bext∗R(M,T )= 0 for all torsion R-modules T . In this case, rankM  2(p-rankM) if
M has no free summands.
Proof. (a) ⇔ (b). A consequence of the fact that each purely indecomposable module is a
homomorphic image of a finite direct sum of modules of rank  2 [7].
(a) ⇒ (c). Choose an exact sequence 0 →K j→ C η→M→ 0 of modules in T F with
C pi-decomposable. Applying HomR(−, T ) for any torsion R-module T , yields the long
exact sequence
HomR(C,T )
j∗−→HomR(K,T )→ Ext1R(M,T )
η∗−→ Ext1R(C,T )→ ·· · .
Now K has finite rank. Then for any f :K → T , imf is pure injective, being a direct
sum of a torsion divisible module and a finite direct sum R/pn1R ⊕ · · · ⊕ R/pnkR of
(torsion) cyclic modules (see [13]). So f gives rise to a g :C→ T that satisfies gj = f .
Consequently, the induced map j∗ in the long exact sequence is onto and this implies that
η∗ is a monomorphism. Moreover, η∗ maps the subgroup Bext∗R(M,T ) into Bext∗R(C,T ),
as a pushout of a pi-balanced exact sequence is pi-balanced. Since Bext∗R(C,T ) = 0, it
follows that Bext∗R(M,T )= 0.
(c) ⇒ (a). Conversely, suppose Bext∗R(M,T )= 0 for all torsion R-modules T . Let F
be a submodule generated by a maximal independent subset of M so that F is finitely
generated free with M/F torsion. Let {Bi : i ∈ I } be the set of all pure submodules of
M where each Bi is of the form 〈imf 〉∗ with 0 = f ∈ Hom(X,M) for some purely
indecomposableR-module X. Clearly I is not empty, since one choice for X is R. Assume
without loss of generality that I is the set of positive integers.
We claim that M = F +B1 + · · ·+Bi for some i ∈ I . By way of contradiction, assume
that, for each i ∈ I , there is an element bi ∈M with bi /∈ F + B1 + · · · + Bi and b∗i =
bi + F ∈M/F having order ideal pniR. Let mi = max{n1, n2, . . . , ni}. For each i ∈ I ,
let Ci = Bi/(pmi (Bi ∩ F)) and γi :Ci →M/F the composite map Ci δi→ Bi/(Bi ∩ F)∼=
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Let β :M →M/F be the natural map and γ =⊕γi :C =⊕Ci →M/F . Consider the
pullback of β and γ given in the following diagram:
0 T N M
β
0
0 T C
γ
M/F 0.
Observe that the top row is pi-balanced exact. This is because any homomorphism
φ :X → M with X purely indecomposable maps X into some Bi and thus induces a
homomorphism of X to C making the diagram commute. By the pullback property φ lifts
to a φ′ :X→N . Since Bext∗R(M,T )= 0, the top row splits. This gives rise to a morphism
α :M→ C that satisfies γα = β . Now α(F )= E ⊆ T and this induces an exact sequence
0 → T/E → C/E γ
′
→ M/F → 0 with γ ′δ = γ . Then this sequence splits. Indeed, if
δ :C→ C/E is the natural map then, since δα(F ) = 0, there is a δ′ :M/F → C/E such
that δ′β = δα. It is then readily seen that γ ′δ′ = 1M/F .
Now E is finitely generated and so E ⊂ C1⊕· · ·⊕Ck for some integer k. For this k, let
δ′(b∗k)= c1 + · · · + cs +E, with cj ∈Cj . Now pnkb∗k = 0 implies pnk (c1 + · · · + cs) ∈E
and so pnk cj = 0 for all j > k. In particular, pmj cj = 0 as nk mj for j  k. This means
that cj ∈ (Bj ∩F)/pmj (Bj ∩F)= kerγj ⊂ kerγ . Then bk+F = b∗k = γ ′(c1+· · ·+ cs +
E)= γ (c1+· · ·+cs)= γ (c1+· · ·+ck) ∈ (B1+· · ·+Bk+F)/F , a contradiction. Hence,
for some integer i , M = F +B1 + · · · +Bi and so M ∈K .
The final statement of the theorem is proved by induction on rankM , observing that
if M is the homomorphic image of a finite direct sum of modules in PI2, then M has
a pure submodule X of p-rank 1 and rank 2 and M/X ∈H has no free summands with
rankM/X = rankM − 2 2(p-rankM/X)= 2(p-rankM − 1). ✷
The quasi-isomorphism category of H is denoted by HQ.
Lemma 4.
(a) H is closed under finite direct sums, summands, and quasi-isomorphism.
(b) A module X ∈ PI2 is projective with respect to exact sequences of reduced modules
in HQ.
(c) If Q∗ has infinite transcendence degree over Q, then there are indecomposable mod-
ules in H of arbitrarily large finite rank and p-rank that are not strongly indecompos-
able.
Proof. (a) It is routine to verify that H is closed under finite direct sums and summands.
Suppose that M,N ∈ T F with M quasi-isomorphic to N . Then N = K +K ′ for some
submodule K of N isomorphic to M and finitely generated free submodule K ′. Since
finitely generated free modules are pi-decomposable, it follows that if M ∈H, then N ∈H.
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then there is an R-module homomorphism g :X→M with X/fg(X) bounded (see [1]
for properties of exact sequences in T FQ). In this case, g(X) is a quasi-summand of X.
Suppose, via Theorem 2(b), that M is the epimorphic image of X1 ⊕ · · · ⊕Xm where, for
each i , either Xi ∈ PI2 or Xi ∼=R. Now the composition Xi →M→X must be non-zero
for some i with Xi ∈ PI2, whence Xi is isomorphic to X by Lemma 2(a). It follows that
X/fg(X) is bounded, where g :X→M is the composite X→Xi →M .
(c) Choose purely indecomposable modulesX1, . . . ,Xn with Hom(Xi,Xj )= 0 if i = j
and EndXi =R. For example, let Xi =A(aim: 1m ei) where {1, aim: 1 i  n, 1
m ei} is an algebraically independent subset of R∗. For each i , choose 0 = xi ∈Xi\pXi
and define M = (X1 ⊕ · · · ⊕ Xn) + R(x1, . . . , xn)/p. A simple computation shows that
EndM = {(r1, . . . , rn) ∈ Rn: ri ≡ rj (modpR) for each i, j } = pRn +R(1,1, . . . ,1) has
no idempotents other than 0 or 1. Hence, M is indecomposable. ✷
Corollary 1. If M is a reduced module in H with no free summands, then M is quasi-
isomorphic to a finite direct sum of modules in PI2 if and only if rankM = 2(p-rankM).
Proof. IfM is quasi-isomorphic to a finite direct sum of modules with p-rank 1 and rank 2,
then rankM = 2(p-rankM).
Conversely, since M ∈H is reduced with no free summands, M is quasi-isomorphic to
X1 + · · · +Xm, where each Xi ∈PI2 is a pure submodule of M . Hence, M/X1 ∈H with
rankM/X1 = 2(p-rankM/X). By induction on rankM , M has a pure submodule K with
M/K ∈ PI2. In view of Lemma 4(b), M is quasi-isomorphic to K ⊕M/K , where K is
reduced with no free summands and rankK = 2(p-rankK). It now follows, by induction
on rankM , that M is quasi-isomorphic to a finite direct sum of modules in PI2.
Proposition 3. Suppose that M ∈H is reduced.
(a) If τ = [X] is a pi-type, with rankX = 2, then M∗[τ ]/M[τ ] is a quasi-summand of M
and M∗[τ ]/M[τ ] is either 0 or isomorphic to Xn for some n.
(b) PI2(M)= {τ = [X]: rankX = 2, M∗[τ ]/M[τ ] = 0} is finite.
(c) If τ = [X] is a pi-type, with rankX = 2 and M has no free summands, then M is
quasi-isomorphic to M(τ)+M[τ ].
Proof. (a) Assume 0 =M∗[τ ]/M[τ ]. There is an epimorphism M→X by Lemma 3(g).
By Lemma 4(b),M is quasi-isomorphic to N⊕X for some N ∈ T F . Hence, M∗[τ ]/M[τ ]
is quasi-isomorphic to N∗[τ ]/N[τ ] ⊕ X as a consequence of Lemma 3(d) and The-
orem 1. Induction on the rank of M∗[τ ]/M[τ ] shows that M is quasi-isomorphic to
M∗[τ ]/M[τ ] ⊕ K for some K ∈ T F with M∗[τ ]/M[τ ] quasi-isomorphic to Xn for
some n. Apply Proposition 2(e) to see that M∗[τ ]/M[τ ] is isomorphic to Xn.
(b) follows from (a) and the fact that T FQ is a Krull–Schmidt category.
(c) Via Theorem 2, since M has no free summands, M/(X1 + · · ·+Xn) is bounded for
some purely indecomposable pure rank-2 submodules Xi of M . The pure submodule N of
M generated by {Xi : [Xi ] τ } is a submodule of M[τ ]. Since X and each Xi is purely
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M(τ)+M[τ ]. Consequently, M/(M(τ)+M[τ ]) is bounded, as desired. ✷
Remark 1. The preceding proposition seems, at first glance, to be a start towards a Butler
type classification of modules in H in terms of pi-type radicals. However, notice that, as
a consequence of the previous proposition, if M ∈ H is strongly indecomposable, then
M∗[τ ]/M[τ ] = 0 for each pi-type τ = [X] with rankX = 2. There are such modules
such as the example A(a,a−1) of a rank-3 purely indecomposable module with infinite
pi-typeset. Following is another example.
Example 3. There is a strongly indecomposable M ∈ H with p-rank 2 and rank 5. In
particular, M∗[τ ]/M[τ ] = 0 for each pi-type τ = [X] with rankX = 2. Moreover, M has
purely indecomposable pure submodules of rank 2 but M does not have a factor module
with p-rank 1 and rank 2 (equivalently no pure submodule with p-rank 1 and rank 3).
Proof. Choose R so that R∗ contains a subset {1, a1, a2, a3} algebraically independent
over Q and define three purely indecomposable modules X1 = A(a1), X2 = A(a2),
X3 =A(a3) of rank-2. Then EndXi =R for each i and Hom(Xi,Xj )= 0 whenever i = j .
Define M = (X1 ⊕X2 ⊕X3)/R(1,1,1). Then M ∈H has p-rank 2 and rank 5. Routine
computations show that the image of each Xi in M is a pure fully invariant submodule Yi
of M isomorphic to Xi with M = (Yi ⊕ Yj )+ Yk whenever (i, j, k)= {1,2,3}. It follows
that QEnd(M)=Q, whence M is strongly indecomposable. ✷
5. Almost pi-decomposable modules
Let AH be the full subcategory of H consisting of almost pi-decomposable modules.
These are the finite rank modules M for which there is a pi-decomposable module C with
M ⊆ C and C/M bounded torsion and finitely generated (since M has finite rank). It
turns out that these modules are perfect analogues of the almost completely decomposable
abelian groups (acd groups) and we shall state some of their salient properties without
proofs since they are easy modifications of the proofs of the analogous results for
acd groups [4,16,17]. Correspondences between subcategories of AH and categories of
R-representations of finite partially ordered sets are defined and used in constructing
indecomposable modules of arbitrary finite rank in AH.
Since R is a discrete valuation ring, a finitely generated boundedR-module T is a direct
sum of torsion cyclic modules, say T ∼= R/pe1R ⊕ · · · ⊕ R/pekR. Define e(T ) = e1 +
· · · + ek and exp(T ) = max{e1, . . . , ek}. Let M ∈ AH be reduced. A minimal pi-decom-
posable module over M is a pi-decomposable moduleC ⊇M with C/M finitely generated
bounded such that e(C/M) is minimal in {e(C′/M): M ⊇ C′, C′ pi-decomposable with
C′/M finitely generated bounded}.
For M ∈AH, define PI(M) = {τ ∈ PI: M∗[τ ]/M[τ ] = 0}. Since M is quasi-isomor-
phic to a pi-decomposable module C, it follows from Theorem 1 that PI(M)= {τ ∈ PI:
C has a purely indecomposable summand X with [X] = τ } which is clearly finite. If C is
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for some positive integer nr and τ = [Xτ ] ∈ PI.
Theorem 3. Given M ∈AH, there is a pi-decomposable module DM containing M with
DM/M bounded such that
(a) if C is a minimal pi-decomposable module over M , then there are non-negative
integers dτ with DM =⊕τ (1/pdτ )Cτ and
(b) each endomorphism of M extends to a unique endomorphism of DM .
Proof. The proof is similar to that of an analogous theorem for acd groups [16,17]. ✷
Remark 2. If PI(M) is an antichain, then DM is a unique minimal pi-decomposable
module over M . In this case, pdτ = 1 for each τ ∈ PI(M).
Let S be a finite subposet of PI and j be a positive integer. Define ∆rep(S,R/pjR) to
be the category with objects U = (U0 =⊕τ∈S Wτ ,U∗,Uτ =
⊕
στ Wσ : τ ∈ S), where
Wτ is a finitely generated freeR/pjR-module andU∗ a submodule ofU0 with U∗∩Uτ = 0
for each τ ∈ S. Morphisms from U to V are R-module homomorphisms f :U0 → V0 with
f (Uτ )⊆ Vτ for each τ ∈ SU∗. Observe that U∗ need not be a free module nor a summand
of U0. This definition of ∆rep(S,R/pjR) differs slightly from that given in [4] but agrees
in case S is a forest.
Define AH(S, j) to be the full subcategory of modules M in AH such that
pj (DM/M) = 0 and if X is a purely indecomposable summand of DM , then [X] ∈ S.
Clearly, each M ∈AH is in AH(S, j) for some S and j .
The next theorem and its proof are similar to the functorial embedding theorems for
T F given in [4,16]. But the definition of the correspondence G in Theorem 4 is non-
traditional in that it uses DM which is the analogue of co-regulating subgroups using
radicals instead of the analogue of regulating subgroups employed in [16] using socles.
As noted in Section 1, pi-decomposable modules are not necessarily classified in terms of
socles.
Theorem 4. Let S be a finite subposet of PI. For each j  0, there is a correspondence
G :AH(S, j)→ ∆rep(S,R/pjR) defined by G(M) = (U0,U∗,Uτ : τ ∈ S), where U0 =
DM/p
jDM , U∗ =M/pjDM and Uτ = (⊕στ pj−exp(DM/M)(DM)σ + pjDM)/pjDM
and the following hold:
(a) M ∈AH(S, j) is indecomposable if and only if G(M) is indecomposable.
(b) If M ∼=N , then G(M)∼=G(N).
Remark 3. The correspondence G above need not be a functor, the problem being that
a homomorphism f :M→N need not lift to a homomorphism from DM to DN unless M
and N are isomorphic.
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indecomposable objects of C . Although the correspondence G of Theorem 4 induces a
correspondence I(G) :J (AH(S, j))→ J (∆rep(S,R/pjR)), it need not be an injection
unless S is a forest (as in [4, Lemma 5.2.7(c)]).
Corollary 2. If S is an antichain, then G :AH(S, j)→∆rep(S,R/pjR) is a functor and
I(G) :J (AH(S, j))→J (∆rep(S,R/pjR)) is a bijection.
Proof. Let M ∈ AH(S, j). Since S is an antichain, there is a unique minimal pi-
decomposable module, namely DM over M . Hence, G :AH(S, j)→∆rep(S,R/pjR) is
a functor. Moreover,G is a dense functor, i.e., for each U ∈∆rep(S,R/pjR), there is M ∈
AH(S, j) with G(M) ∼= U . To see this, let U = (U0 =⊕τ∈S Vτ ,U∗,Uτ = Vτ : τ ∈ S).
Choose F = (F0 =⊕τ∈S Fτ ,F∗,Fτ : τ ∈ S) with each Fτ a finitely generated free R-
module, F∗ a submodule of F0 with
pjF0 ⊆ F∗,
(
F0/p
jF0,F∗/pjF0,
(
Fτ + pjF0
)/
pjF0
)= U,
and e(F0/F∗) minimal. Next choose a pure submodule Xτ of R∗ containing 1 for each
τ ∈ S and define M = pj (⊕XτFτ )+F∗. Then F0 is a minimal pi-decomposable module
over M by the choice of F∗. Hence, F0 = DM and so G(M) ∼= U . This shows that G
induces a surjection J (AH(S, j))→ J (∆rep(S,R/pjR)).
It remains to prove that if G(M)∼=G(N), then M ∼=N . This argument is essentially the
same as that in [4, Theorem 5.2.8(a)], using the fact that p is an element of the Jacobson
radical of EndM . ✷
The bijection of the preceding corollary can be used to construct indecomposable
modules from corresponding representations.
Example 4. Suppose that S4 = {[X1], [X2], [X3], [X4]} is an antichain in PI, where each
Xi is a pure sub-module of R∗ containing 1. There are indecomposable modules in
AH(S4,1) of arbitrarily large finite rank.
Proof. Let A be an n× n R-matrix such that A (modpR) is an indecomposable R/pR-
matrix. Then M = Xn1 ⊕ Xn2 ⊕ Xn3 ⊕ Xn4 + (1/p)(1 + 0 + 1 + 1)R4n + (1/p)(0 + 1 +
1 + A)R4n ∈H(S4,1) is indecomposable with DM = (1/p)(Xn1 ⊕Xn2 ⊕Xn3 ⊕Xn4 ). The
proof is just like that of [4, Example 5.2.3]. ✷
The next corollary follows immediately from [4, Corollaries 2 and 5.2.6].
Corollary 3. Let Sn be an antichain with n elements. Then AH(Sn, j) has:
(a) finite representation type if and only if either n 2 or else n= 3 and j = 1;
(b) rank-infinite representation type if and only if n 4 or else n= 3 and j = 2;
(c) wild modulo p representation type if n 5; n= 4 and j  2; or else n= 3 and j  3.
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